Abstract-A new metric, the multivariate merit factor (ÅÅ ) of a Boolean function, is presented, and various infinite recursive quadratic sequence constructions are given for which both univariate and multivariate merit factors can be computed exactly. In some cases these constructions lead to merit factors with non-vanishing asymptotes. A formula for the average value of ½ ÅÅ is derived and a characterisation of the ÅÅ in terms of cryptographic differentials is discussed.
I. INTRODUCTION
We introduce the multivariate aperiodic merit factor (ÅÅ ) metric of a Boolean function and provide infinite constructions for which the ÅÅ can be computed exactly (Table II) . Unlike ÅÅ , the univariate merit factor (Å ) has a long history [8] , as sequences with high Å have applications in telecommunications, information theory, and physics. However they are difficult to find and/or construct for long sequence lengths. ½ Å evaluates the squareddifference between the continuous Fourier power spectrum of the sequence and the normalised flat power spectrum. Similarly, ½ ÅÅ evaluates the squared-difference between the continuous multivariate Fourier power spectrum of a Boolean function and the normalised flat multivariate Fourier power spectrum. The goal is to construct Boolean functions which maximise ÅÅ . The ÅÅ is a generalisation of a metric proposed in [14] and is computed via the sum of squares, , of the multivariate aperiodic autocorrelation coefficients of the Boolean function, ('sum-of-squares' by convention), where is small if the coefficients are small. In the context of cryptography this autocorrelation relates to generalised Boolean differentials which are maximised if the autocorrelation coefficients are large [2] , [21] ; if the ÅÅ of the Boolean function, Ô, is large then the average of the squares of the generalised differentials of Ô is small and the likelihood of success for a joint differential attack on the cryptosystem is small. This metric generalises the periodic sum-of-squares which is a known measure of cryptographic strength for Boolean functions [24] .
ÅÅ also has meaning for quantum systems. Certain pure multipartite quantum systems can be represented by Boolean functions [19] , and in [2] it was argued that, if one computes aperiodic autocorrelations of all subspace Boolean functions obtained from a function Ô´Üµ by fixing zero or more of the Boolean variables Ü ¾ Ü, then if these autocorrelation coefficients are small in magnitude, the associated quantum system is highly entangled. [2] focussed on the so-called aperiodic propagation criteria of Ô´Üµ, thereby establishing a link with quantum codes [4] , [6] . It is also clear that high entanglement is indicated by a small sum-of-squares over the joint autocorrelation coefficients, and this can be characterised by the average ½ ÅÅ computed over all subspaces of Ô´Üµ obtained by fixing. Finally, although constructions for Golay complementary sequence sets [7] are usually constrained by their univariate aperiodic autocorrelation, they are more naturally constrained by their multivariate aperiodic autocorrelation [20] . For length AE ¾ Ò , Golay-Rudin-Shapiro sequences (GRS) [23] , [22] are the only known examples of Golay complementary pairs [7] , and their interpretation as certain Reed-Muller, RM´½ Ñ µ, cosets within RM´¾ Ñ µ has recently been exploited in [5] . This was generalised in [20] , which demonstrated the fundamentally multivariate nature of the complementary construction. [11] showed that the Å of the canonical GRS sequence can be computed exactly for any length AE ¾ Ò via the recursion Ò ¾ Ò ½ · Ò ¾ , where Ò is the sum-of-squares for a sequence of length ¾ Ò , leading to an asymptotic Å of ¿ for large Ò. This recursion suggests that other sequence constructions obey similar recursive formulas, both for their univariate and multivariate sum-of-squares, and here we identify many such constructions (see Tables III and IV) . Another implicit aim of this work is to exploit the link between quadratic Boolean functions and undirected graphs, [19] , by interpreting the asymptotic ÅÅ of a quadratic Boolean function as a large-scale property of a graph. This has statistical meaning for both low-density parity check codes associated with the graph [12] , [19] and for graphbased quantum computers [18] , [19] , [6] , [10] In Section II we characterise the Å and ÅÅ . Section III considers the ÅÅ in light of the results obtained, and the asymptotic ÅÅ of a typical Boolean function. Section IV summarises our constructions.
II. CHARACTERISATIONS FOR UNIVARIATE AND MULTIVARIATE MERIT FACTORS

A. The univariate case
The univariate aperiodic autocorrelation of × ¾ AE is
where × ¾ , × ¼ for ¼ and AE, and £ means complex conjugate.
The sum-of-squares, , of ×, is defined by
The univariate merit factor is
The aperiodic autocorrelation of × ×´Þµ È × Þ can be computed as a polynomial multiplication
Ù´Þµ ×´Þµ×´Þ
where Ù´Þµ
Finding the Å is equivalent to finding the Ä « -norm, × « , at « [16] , where 
we order the truth table of Ô lexicographically. When we refer to the Å or sum-of-squares of the Boolean function, Ô´Üµ, we mean Å ´×µ or ´×µ, respectively.
C. The multivariate case
The multivariate aperiodic autocorrelation of × ¾´ ¾ µ
The multivariate sum-of-squares, , of ×, is defined by
The multivariate merit factor is
The multivariate aperiodic autocorrelation of × ×´Þµ
Finding the ÅÅ is equivalent to finding the multivariate
, where 
In this paper we focus on sequences and functions which cannot be written either fully or partially as tensor products.
G. Relationship between the multivariate aperiodic autocorrelation and Boolean differentials
Define the aperiodic Boolean differential as follows
where 
Yet another way of writing (16) Equation (10) can further be embedded in a modulus large enough so that the modulus has no effect on the result -an aperiodic embedding. Specifically 
where ¾ ½ and, from (19) and (21),
Equation (22) is just a re-statement of the multivariate Ä Ò -norm, as specified by (9) Tables  II and III) , for which ¿ ¼. The path graph is equivalent to the canonical GRS sequence [5] , [20] under lexicographical ordering of the truth table. Table I shows all ÅÅ equivalence classes for Boolean functions of ¾ to variables, with inequivalent representatives obtained from [3] . Experiments suggest that, for random Boolean functions and for random quadratic Boolean functions of Ò variables, Å ½ ¼. Remark: Theorem 2 is similar to a theorem in [17] which states that, for a random bipolar sequence of length AE, average´½ Å µ AE ½ AE .
B. Classification and expectation
Ò # inequiv. functions # equiv. classes / list of ÅÅ s ¾ ¾ ¾ classes ¼¼¼ ¼ ¿ ¿ classes ¾ ½ ½ ¿ ¼ ¾½ ¿ ½ classes ¿ ¾¼¼ ½ ½ ¼¼ ½ ½ ¿¿¿ ½ ¾¿½ ½ ½ ¿ ½ ¼ ½ ¼¼¼ ¼ ½ ¼ ¾ ¼ ¼¼ ¼ ¾ ¼ ¼ ¼ ¼ ¾ ¼ ¼¼ ¼ ¾ ¾¾ ¾ ¼ classes ¾ ¼ ¼ ½ ¾
IV. CONSTRUCTIONS
For both multivariate and univariate scenarios, we present recursive quadratic constructions, determining sum-of-squares recursions and merit factor asymptotes -see Table II for   graphical nomenclature, Table III for proved ÅÅ results,  and Table IV for Å results (conjectured apart from [11] ).
Proofs and initial conditions on are omitted for brevity.
V. CONCLUSIONS
The univariate merit factor and multivariate merit factor (ÅÅ ) have been characterised. The relevance of ÅÅ as a metric that quantifies resistance of a Boolean function to generalised forms of differential attack has been outlined. 
